Recently we have proposed a noniterative and analytic phase retrieval method using the filter of an aperture array to reconstruct a complex-valued object from a diffraction intensity pattern [Phys. Rev. Lett. 98, 223901 (2007)], but this method suffers from the restriction of the far-field condition of two distances between the object and the filter and between the filter and the detector for the intensity measurement. An improved method, which extends the adaptable condition of those distances to the region of Fresnel diffraction, is proposed here. In addition, the procedure for reducing the influence of noises on the phase retrieval is presented, in which the phase information contained in multiple groups of sampling data of a single intensity distribution is utilized. The usefulness of this method is shown in computer-simulated examples of the object reconstructions, including an object with phase vortices.
INTRODUCTION
A coherent x-ray imaging has attracted considerable attention during the last decade [1, 2] since one had been able to obtain x-rays of coherent and brightness beams from third-generation synchrotron radiation sources. The resolution of x-ray imaging systems is limited by the spot size produced by x-ray optics such as Fresnel zone plates. Unfortunately, x rays are very difficult to focus on a small spot, and so the resolution of the systems is many times the wavelength of the x rays. Thus several methods for x-ray coherent diffraction imaging without lenses, which, in principle, provide wavelength limited resolution, have been developed. One well-known approach to such lensless imaging is holography. However, a coherent reference source of a very small size, by which the spatial resolution is limited, is necessary for offsetreference x-ray holography [3] , and also there exists the so-called twin-image problem in Gabor's in-line holography, though some solutions to this problem have been proposed [4] .
Thus, nonholographic methods for the object reconstruction from diffraction intensities have been recently developed in the circumstances under which it is inconvenient to generate a coherent reference wave. One approach is the use of an iterative method that was proposed by Fienup [5] as a modification of the original Gerchberg-Saxton algorithm [6] . For example, object reconstruction by use of the iterative method has been demonstrated in x-ray phaseretrieval experiments for noncrystalline samples [7] [8] [9] [10] , and the coherent electron imaging of a carbon nanotube from its diffraction intensity [11] . The use of the iterative method, however, is accompanied by convergence problems, and hence the method sometimes stagnates in a local minimum solution different from a true one, especially in the reconstruction of complexamplitude objects [12, 13] . Recently an iterative method that uses a series of diffraction patterns measured under the illumination with apertures of overlapping positions has been proposed [14] in order to improve on the speed of convergence and eliminate ambiguities in the retrieved phase, and this method has been demonstrated with the experiment of x-ray imaging of extended objects [15] .
On the other hand, there have been some studies of noniterative (deterministic) phaseretrieval methods. For example, phase recovery by solution of the transport-of-intensity equation from intensity measurements in two or three transverse planes has been developed [16, 17] and applied to phase retrieval in electron microscopy [18] , x-ray imaging [19, 20] , and so forth. While Fienup's iterative method needs only a diffraction pattern, all of the noniterative (deterministic) methods proposed for practical use until recently have required more than one intensity measurement, except for the cases with special conditions such as a nonabsorbing object [19] and a monomorphous object [21] . The object reconstruction from a single diffraction intensity is important to the real-time imaging, for example, ultrafast single-shot imaging with xray free-electron lasers which are expected to be available in the near future [22] , and also it is significant for the reduction of sample damage by an illuminating radiation such as an x-ray or an electron wave. There was the attempt to achieve the deterministic phase retrieval from a diffraction intensity distribution by the theory of zero-sheets in the four-dimensional space formed by the two complex variables of the intensity distribution [23, 24] . Unfortunately, they have apparently not yet succeeded in achieving a satisfactory phase retrieval for practical use by this route without the assistance of the Fienup's iterative method.
Recently we have proposed a nonholographic and deterministic phase-retrieval method that allows the object reconstruction from only a single diffraction pattern of a wave field transmitted through the filter of an aperture array [25] . This method is based on the properties of entire functions [26, 27] , and has the practical potential for lensless coherent imaging by not only x rays but also other wave fields such as optical, electron, and atomic waves. In addition, this method has the advantage of coping with the existence of phase vortices (i.e., screw dislocations [28] ) in contrast to the methods based on the transport-of-intensity equation [16] [17] [18] [19] [20] 29] . This method, however, suffers from the restriction of the far-field condition for the two distances between the object and the filter and between the filter and the detector. In this paper, an improved method, which extends the adaptable condition of those distances to the region of Fresnel diffraction, is proposed, in which the effect of the quadratic phases appearing in the Fresnel diffraction on the phase retrieval is compensated for. In addition, we present the procedure for reducing the influence of noises on the phase retrieval by utilizing the phase information contained in multiple groups of sampling data of a single intensity distribution.
In Section 2, the measurement system for the present method is described, and some conditions for applying the properties of entire functions to phase retrieval are presented. In Section 3, the procedure for reducing the influence of noises on the phase retrieval is developed.
In Section 4, the validity of the present method is demonstrated with computer simulations of complex-valued objects including an object with phase vortices. Concluding remarks are given in Section 5.
FORMULATION OF THE OBJECT RECONSTRUCTION
A. Measurement System Figure 1 shows a schematic diagram of the present phase retrieval method. We assume that an object is illuminated by a coherent monochromatic plane wave of wavelength λ . The object plane is defined as the plane immediately behind the object perpendicular to the optical axis.
Under the scalar theory of diffraction, we here refer to the complex amplitude f (u,v) (which is assumed to be of finite extent σ ) in the object plane as the object function to be reconstructed.
In the Fresnel-zone plane at a distance of z downstream of the object plane with coordinates x and y, an array filter consisting of rectangular apertures is inserted to take a correlation of the rectangular function and the field distribution of the diffracted wave from the object. We here consider the case of a N × M array of square apertures of each width w distributed over a Cartesian grid of period d . The system of such an aperture array resembles that of a ShackHartmann sensor [30] , but the principle of phase recovery in this paper differs fundamentally from that of the sensor. In the Shack-Hartmann technique, the precise phase distribution of a wave front cannot be retrieved because it finds only the average values of the discrete phase slopes of a wave front from the central position of each focal spot of an array of microlenses, and so a spatial resolution on the reconstructed object becomes very low. On the other hand, the method in this paper provides a very higher spatial resolution on the object reconstruction, because the continuous phase distribution can be retrieved analytically by using the data of not only a central part but also its surrounding parts of the diffraction pattern from each of array apertures as shown in the following.
Using the Fresnel diffraction integral, we can obtain the amplitude distribution in the detector plane at a distance of l downstream of the array filter as
where F(x, y) is the complex amplitude distribution in the Fresnel-zone plane, which is given by
and R(x − x n , y − y n ) denotes the amplitude transmittance of a square aperture being at the position of the coordinates (
− w 2 ≤ y ≤ w 2 and R(x, y) = 0 otherwise]. In Eqs. (1) and (2), unimportant multiplicative constants associated with the diffraction integrals are ignored. In order to combine two functions of the quadratic phases in the integral of Eq. (1), we substitute the coordinates ξ n = x n (1 + l / z) and η m = y m (1 + l / z) into the coordinates ξ and η in Eq. (1), and then Eq. (1) is rewritten as
where
We assume that the diffraction pattern of each square aperture in the detector plane is isolated approximately from those of the adjoining square apertures. Then the observable intensity of Eq. (3) may be represented by
where ′ R (x, y) is the aperture function including the quadratic phase:
A sufficient condition for the isolation of the diffraction patterns of the neighboring apertures would be that the main width of the diffraction pattern of each aperture is smaller than the period of the array pattern projected on the detector plane. As described in the previous paper [25] , when the distance l / (1 + l / z) satisfies the far-field condition of the diffraction pattern of each aperture in Eq. (3), the main width of the diffraction pattern from each square aperture without the quadratic phase can be estimated from the width of a convolution of the object function with the Fourier transform (i.e., a sinc function) of each square aperture. In the previous paper [25] , the main width was defined by
, where 2λl / w denotes the main lobe between the first two zeros of the sinc function, and σ u and σ v denote the extent of the object function in the direction of u and v , respectively. Instead of σ j , we have to use the rough extent of the object in practice, which can be estimated by another measurement. When that far-field condition is relaxed into the Fresnel diffraction condition, the width of the diffraction pattern from each square aperture becomes larger than the width H , and may be represented by ε H , where ε is a constant larger than unity. The width ε H can be roughly estimated from the calculated diffraction pattern of the aperture function ′ R (x, y) in Eq. (5) and the rough extent of the object. On the other hand, the period of the Fresnel diffraction pattern of the array in the detector plane is given from the geometrical optics prediction as
where the term l / z represents the effect of the extension generated by the quadratic phase Using the same way as in Eqs. (3) and (4), we can obtain the intensity distributions at another points of coordinates (ξ n ± τ ,η m ) and (ξ n ,η m ± τ ) in the detector plane (where τ is a known constant):
Then one can retrieve the two-dimensional (2-D) phase of the correlation integral in the Fresnel-zone plane from Eqs. (4), (6) , and (7) by using the phase-retrieval method [31, 32] based on the properties of entire functions.
B. Gaussian Approximation of the aperture function
To utilize the properties of entire functions, we assume that, in Eqs. (4), (6), and (7), the inverse Fourier transform of the square aperture ′ R (x, y) has an extent large enough to be approximated into a Gaussian function within the extent of the object function. In the previous paper [31, 32] , it was found from studies of numerical experiments that the inverse Fourier transform of that aperture function can also be approximated into a Gaussian function with a quadratic phase, provided that the Fresnel number N F concerning the quadratic phase within the aperture width w in Eq. (5) is less than about 1.0, which is defined by
The measurement system that satisfies this requirement can be prepared for in advance. Thus we may approximate the inverse Fourier transform of a square aperture ′ R (x, y) of width w into the Gaussian function with the quadratic phase:
where a,b are constants that are determined by fitting the inverse Fourier transform of
into a Gaussian function with a quadratic phase numerically. Note that the parameter a of the Gaussian amplitude is introduced here for the improvement upon the accuracy of the fitting in the previous paper [32] . It can be seen from Eq. (9) that a circular aperture [33] can be also utilized instead of such a rectangular one for the Gaussian approximation. Substituting the Fourier transform of the Gaussian function instead of ′ R (x, y) into Eqs. (4), (6) , and (7), we can obtain the following expressions respectively:
and ( ) (11) and (12), it is found that the intensity distributions at the points of coordinates (ξ n ± τ ,η m ) and (ξ n ,η m ± τ ) in the detector plane correspond to the intensities of the correlation integrals displaced to the lines ic m perpendicular to the imaginary axis of the complex planes of the arguments x n and y m , respectively, in Eq. (10) simultaneously with the shift s ± along the real axes x n and y m , respectively, excluding the known constant term p . As we shall see in the next section, the displacement along the imaginary axis renders the moduli of
PHASE RETRIEVAL FROM MULTIPLE GROUPS OF SAMPLING

DATA
In this section, we describe the procedure of retrieving the phase from an intensity distribution measured in the system of Fig. 1 . As mentioned in the previous paper [32] , the intensity distributions at the points of coordinates (ξ n ,η m ) , (ξ n ± τ ,η m ) , and (ξ n ,η m ± τ ) in the detector plane have sufficient information for one to retrieve the phase of the correlation integral in Eq.
(10). However, deterministic phase retrieval methods are generally sensitive to noises contained in measured intensities. In particular, overlaps between the diffraction patterns of the neighboring apertures in the system of Fig. 1 affect the phase retrieval, such as noises. In order to reduce the effect of noises on the phase retrieval, it is preferable to utilize many sampling data of the measured intensity. Thus, in this section, we develop a procedure of phase retrieval from multiple groups of sampling data of a single intensity distribution.
Let M (x n , y m ) and φ(x n , y m ) be the modulus and the phase, respectively, of the correlation integral on the right-hand side of Eq. (10), i.e.,
First, in order to retrieve one-dimensional (1-D) phases along lines parallel to the x n axis, we derive a relationship between the phase and two groups of sampling data at the points of coordinates (ξ n + τ ,η m ) and (ξ n − τ ,η m ) of the single intensity distribution. The real variable x n in Eq. (13) is expanded into the complex one, x n − i c . Then the function is written from Eq.
(13) as
where φ R (x n − ic, y m ) and φ I (x n − ic, y m ) denote the real and imaginary parts of the complex function φ(x n − i c, y m ) , respectively. Substituting n x s − instead of x n into the equation
2 of Eq. (11), and then substituting Eq. (14) into the resultant equation, we obtain a relation
where the relations ξ n = x n (1 + l / z) and η m = y m (1 + l / z) were used. The function on the lefthand side of Eq. (15) 
Since the modulus M (x n , y m ) is a real function, two functions along two symmetrical lines x n ± i c in the complex plane have the same modulus:
Then we can derive a relation from Eqs. (15) and (16) as
In order to reduce the influence of noises on the phase calculation, we utilize some other pairs of sampling data of the single intensity distribution. Thus, we sum up the functions D(x n , y m ;τ j ) of sampling data with different parameters τ j ( 1, , j J = L ) to a function: 
COMPUTER SIMULATIONS
The performance of the present method is demonstrated by computer simulation for the reconstructions of complex-valued object functions under the scalar theory of diffraction. We assumed that an object was illuminated by a monochromatic x-ray plane wave with wavelength 1.0 nm, and that the physical size of the object function in the object plane immediately behind the object was assigned to 60 × 60 μm . The distance between the object and the Fresnel-zone planes was set to z = 6.5 m. Note that we set an intentionally large-sized object here in order to present the reconstructions under the condition of Fresnel diffractions, and then the value of the quadratic phase in Eq. (2) 
where f (u,v) and f r (u,v) of the memory limitation in the computer. Hence the object reconstruction could be improved by using the data diffracted from much more apertures.
Conclusions
A method of reconstructing a complex-valued object under the coherent illumination without imaging lenses has been presented. In this method, the phase of the diffracted wave from an object can be retrieved from a single intensity pattern measured through an aperture array by use of a deterministic phase retrieval method without a reference wave. This method represents an improvement on the previous method [25] , which extends the adaptable condition of the two distances between the object and the aperture array and between this array and the detector from the far-field required in the previous method [25] to the region of Fresnel diffraction. In addition, we presented the procedure for reducing the influence of noises on the phase retrieval by combining some pieces of the phase information contained in multiple groups of sampling data of a single intensity distribution. The good performance of the present method has been verified by computer simulations. In particular, it has been
shown that the present method can cope with the existence of phase vortices unlike the methods based on the solution of the transport-of-intensity equation [16] [17] [18] [19] [20] 29] .
Although the present method needs a filter with an array of apertures for the intensity measurement, the size of the apertures even in the case of a x-ray wavelength is enough large that such a filter can be made easily by using the technique of electron beam lithography. We therefore believe that the present method provides a potentially very useful means of object imaging without lenses in a wide class of wave fields with short wavelengths, such as optical,
x-ray, electron, and atomic waves.
APPENDIX: DERIVATION OF EQ. (20)
Substituting the relationships of Eqs. (15) and (16) into the right-hand side of Eq. (19), we obtain
The imaginary parts of the complex phase functions φ(x n ± ic j , y m ) in Eq. 
